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FORMATION OF POSITIVE SLOPE ON ELECTRON
RUNAWAY DISTRIBUTION IN TOKAMAKS

K. PAPADOPOULOS, B. HUI*, N. WINSOR
(Naval Research Laboratory, Washington, D.C.,
United States of America)

To determine the collective modes that can be
excited by the runaways a knowledge of their
parallel distribution function

f(v2) == fthn

1. INTRODUCTION

Runaway electrons are a basic ingredient of hot
toroidal plasmas. In the present generation of
tokamaks, their implications are more evident in the
so-called low-density regime [1—6] (n < 1013 cm"3).
Their presence can have a significant effect on the
tokamak operation since besides constituting a large
energy loss via synchrotron and X-ray emission [7,8]
they have often led to liner destruction [3]. Under-
standing of the runaway behaviour is, therefore, of
significant practical importance not only because of
its possible use as a diagnostic tool, but also since it
can help us learn ways for reducing radiation losses
and even delivering part of their energy for heating
the main plasma. The latter possibility seems to be
born out from the recent observations in Alcator [ 1 ],
T-6 [2] and T-M3 [4, 5] tokamaks, where the produc-
tion of runaways has been found to contribute to ion
heating. The main thrust of these observations was
that reduction of the plasma density resulted in
inhibition of the energy of the runaways as seen by
X-ray measurements, while leading to simultaneous
excitation of lower hybrid waves, followed by
intense ion heating [ 1,4, 5 ]. Understanding of the
physics and the scaling of such collisionless phenomena
is very important, not only for the low-density
regime, but also for the hot high-density tokamaks.
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is required. In the absence of experimental informa-
tion, one has to use analytic or computational means.
On the basis of the Fokker-Planck models [6,9} an
almost flat, monotonically decreasing (with the
parallel velocity) distribution function is expected as
is shown by the solid line of Fig. 1. Stability of such
a distribution function [1, 10—12] indicates that
unless a substantial fraction of the runaways is
accelerated to velocities larger than 10—20 MeV, low-
frequency waves cannot be excited. At the same time
it was shown in Ref. [13], by analysis and particle
simulations, that by assuming a beam-like distribution
function with a positive slope for the runaways, the
observed behaviour can be easily understood. It is
the purpose of this letter to demonstrate that
collisionless effects can result in forming a positive
slope on distribution of the type of Fig. 1, within time
scales of interest.

2. QUALITATIVE PHYSICAL CONSIDERATION

We present next a brief summary of the physics of
the relevant collisionless interaction which in the
presence of an electric field can transform a flat tail
into a bump. This will be followed by a numerical
computation of the evolution of a tail in the presence
of an enhanced field. The latter uses a Fokker-Planck
code, modified to include collisionless effects due to
plasma instabilities.

The stability of distribution functions with run-
away electrons (Fig. 1) has been examined in detail
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in Refs [10—12]. It was shown that low-frequency
oscillations (cok < £2e) of the type

•f*£): (1)

can be excited independently of the existence of a
positive slope in the distribution function, under
anomalous Doppler effect conditions

=" kzvz ~ (2)

where coj and coe are the ion and the electron plasma
frequency, respectively, and S"2e is the electron
cyclotron frequency. Excitation of these oscillations
is possible only when the Cherenkov damping due to
the ambient electrons can be neglected. This imposes
a restriction on the wave number kz given by

(Ok
(3)

Numerical solution

The equations that determine the evolution of the
tail described previously are

— fT (v) + E • - r fT (v)
01 OV

(4)

with the usual Fokker-Planck terms given by

7,\ 77 ) = - V

where h and g are the Rosenbluth potentials and

k B T e \ 1 / 2

From Eqs (2) and (3) we notice that only frequencies
^k ^ ( v th / v R)^c where VR is the maximum velocity
in the tail, can be excited. Therefore, excitation of
frequencies approaching the ion plasma frequency,
COJ, would require a substantial number of runaways
at enormous energies (^10 MeV). In addition, since
the instability is convective it can be shown that the
growth length for exciting these frequencies becomes
much larger than the system radius. Therefore, only
high frequencies close to coe will be excited. Another
important conclusion from Eqs (2) and (3) is the fact
that only particles with velocities
vz > vm = (£2e/cje) v t l l /kz \D can be resonant with
the excited waves. It can be easily shown [10] that
for (£2e/coe) > 1 this interaction leads to pitch angle
scattering along nearly constant energy lines for
particles with vz > vm. Therefore, in the presence of
an electric field, runaway electrons with velocities
vz < vm will be accelerated faster than particles with
vm > vz and a pile-up of particles will occur near vm.
As a consequence, the runaway tail will develop a
positive slope near v = vm. This is the simplified
physical picture of the formation of a positive slope
on the runaway distribution. It is very hard to derive
analytic solutions for the evolution of the distribution
function in the presence of a constant electric field
and Fokker-Planck type collisions. For this reason,
we use numerical means to confirm the process and
examine the sensitivity of the positive-slope formation
to the system parameters (a>e/£2e, n j /n 0 , Eo, etc.).

Dw are the diffusion coefficients due to collisionless
processes given by [12]

/dk E2(k,t)
87rm2

sin2 0 5 (ook - kzvz + £2e)

kzvi \
—— ) 5 (cok - kzvz

-sin2

4 cos20_5(oJjc — kzvz)

and the electric field value is given by [11,12]

(6)

— lE(k, t ) | 2 =ira

sin20 —- fT

cok 1

cos20 k2 COS20
8fT

9vz

lE(k,t)l (7)
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with GOfc taken from Eq.(l). Here fx(vz) = / dvifT(^)>
a is the tail-to-plasma density ratio and cos0 = kz/k.
Note that since the instability time scale is much
faster than the Fokker-Planck one, we can eliminate
Eq.(7) and use in Eq.(6) for lE2(k, t)|2 its saturation
value. The saturation of the instability by quasi-
linear effects has been examined by Tekula and
Bers [11] and Liu and Mok [14]. We have also
examined the more plausible possibility of convective
stabilization. In both cases, the characteristic spectral
distribution turns out to be determined by the linear
stage having a peak at an angle with kj^/kz = y/2 and
extending between (V^/VR) £2e/coe < kz\j) < 0.3
with the maximum weighted towards the smaller
values of kz. Since, as we shall see, the formation of
the positive slope depends basically on the existence
of a cut-off value with kz\rj < 1 and not on the other
spectral details, we assume that

0.3 kz X
Vth

D
(8)

and zero elsewhere. Here, A is a normalization
constant that depends on the wave energy density
Wo /nT. Neglecting the drag force due to collective
effects as small compared with pitch angle scattering
terms involving 3fT/9vz, owing to its initial small value,
and using Eqs (6) and (8) in Eq.(5), we find

that a bump forms at about vm. Below we present a
systematic study of the formation of this bump by
varying E 0 / E D , fte/^e, a and W0/n0Te. Unless
otherwise specified, the following values are used:
a ^ 0 . 0 5 , f t e = s 3 . 5 coe,W0=3.53 X 10- 3 n 0 T e ,
Te = 1 keV, Tj = 200 eV, n0 = 1013 cm"3,
vm « 8 v^, t «* 20 Tei. Figure 1 shows the formation
of the bump with different values of Eo. As the
E 0 / E D increases, the bump is wiped out by the
acceleration of the electrons below the cutoff vm.
Figure 2 is similar to Fig.l except £2e/a;e « 2.5;
this reduces the ratio v ^ v ^ = (l/kzXD) (f2e/cje) so
that the positive-slope formation is prevented by a
smaller electric field.

coK/K

FIG. 1. Bump formation for different values of
E0/ED : E0/ED = 0.0 (X), 0.358 (A), 0.715 (O) for
fte/coe = 3.5.

3e2

4m2

£r--r-)I
v l ovx vz ovz / I

W(vz)j
J

(9)

where W(vz) = —

Numerical results

E (ic)|2.

When Eq.(9) is solved with the appropriate values
of Eo, fte/coe, a = nT/n0, Te and W0/n0Te, we find

8 « * 6 ft

• M ff >̂ f » ^
6 8

vz/vth

10 12

FIG.2. Bump formation for different values of
E0/ED : E0/ED = 0.0 (X), 0.179 (O), 0.358 (A) for
£2e/coe = 2.5.
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2 -

12

FIG. 3. Bump formation for a = 0.1 (o), a = 0.05 (X) for
n e /w e = 2.5. fr (t = 0) is given by the solid curve for
at = 0.05 and by the broken curve for a = 0.1.

FIG.4. Time history of bump height for different values
ofW0 : W0/n0Te = 3.53 X 10~3 (X), 3.53 X 10~5 (o),
3.53 X 10~6 (A).

is almost identical with the data represented by A
in Fig. 1. This implies that the bump forms much
faster than 20 re i . A time history shown in Fig.4
confirms this fact where we plot the height of the
bump versus time. We see that the bump forms in
less than a few Tei, depending on Wo, and then decays
away slowly, because of classical collisions.

3. SUMMARY AND CONCLUSIONS

We have presented numerical studies that indicate
that monotonically decreasing tails in a tokamak with
(£"2e/coe)

2 > 1 can develop a positive slope near
velocities vm = (l/kzXD) (ne/coe)vt h « 3 (f le/w^v^.
The presence of the constant electric field will not
prevent the formation of a positive slope as long as it
is only a fraction of the Dreicer field, a condition
easily satisfied for tokamak operation after the
initial time. The wave energy density W0/nT does
not affect the actual processes but only the time
scale. However, even for W0/nT « 10~6 the process
is fast enough to be of importance. The logarithmic
height of the positive slope increases with the ratios a.
Note that the above conclusions are subject to the
development of an initial distribution function such
as the one in Fig. 1 before appreciable turbulence
develops. In a tokamak this is justified since the
initial stabilizing factor are collisions which become
small with time, owing to Ohmic heating. In addition,
we have assumed two time scales, so that stabilization
is reached much faster than the formation of the
positive slope.

The purpose of this letter has been to demonstrate
that under conditions existing in present-day tokamaks
distributions of runaways with positive slope can be
produced. The consequences of this transformation
can be favourable since they can heat the ambient
plasma, but sometimes they may be deleterious since
they can scatter energetic electrons in walls leading to
liner problems. These important points will be
discussed in a future publication.

Next we vary the density of the tail in Fig.3; the
broken curve and the solid curve show fj for a = 0.1
and 0.05, respectively,at t = 0. The circles and
crosses are fT at t = 20 Tej for the same two values
of a for E 0 / E D ~ 0.18. We see that the bump is
more pronounced for larger values of a.

When we change Wo from 3.53 X 10"3 n0Te to
3.53 X 10"5 n0Te for E0/ED = 0.358 but keeping
all other parameters the same as Fig. 1, we find that f-p
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OBSERVATION OF PROPAGATING m = 1 WAVES
IN SCYLLAC*

E.L. CANTRELL, G. MILLER, W.E. QUINN,
W. RIESENFELD (Los Alamos Scientific Laboratory,
Los Alamos, New Mexico, United States of America)

The plasma confinement in a high-beta stellarator is
ended by an m = 1 (gross sideways) motion of the
plasma column to the discharge tube wall. Detailed
understanding of the dynamics of m = 1 motion is
thus of great importance for this concept whether
feedback or wall stabilization is used. In the Scyllac
sector experiments the following specific question is
of interest: can the propagation of transverse displace-
ments from the ends, where the beta-dependent
equilibrium is probably greatly perturbed, limit the
useful experimental time? This time is otherwise
limited by the loss of plasma from the ends which
reduces beta and destroys the equilibrium. One would
generally expect the propagation of m = 1 disturbances
along a theta-pinch column to occur at the AlfvSn
velocity, however the situation in Scyllac is somewhat
different due to the existence of the m = 1 instability
produced by the helical magnetic fields. In addition,
the role of damping in possibly suppressing the propaga-
tion of disturbances is not clear. The capability in the

Scyllac sector feedback experiment [ 1 ] of applying
external forces to the plasma in a controlled way and
measuring the plasma displacement with feedback
position detectors offered a convenient opportunity
to study experimentally the propagation of m = 1
disturbances in the presence of the m = 1 instability.

The layout of the Scyllac sector is shown in Fig. 1.
The plasma parameters are as given in Ref. [ 1 ]. Dia-
magnetic loop and plasma luminosity measurements
show the plasma beta in the central region of the
sector to be roughly constant for about 20 /is and
similarly Thomson scattering measurements at
20—30 /xs show no significant decrease of the electron
temperature. The free-streaming end-loss time based
on theta pinches with similar parameters is about
100 us and the classical electron end conduction
cooling time is several hundreds of JUS. Energy loss
due to radiation, assuming oxygen is the principal
impurity, is calculated to be small. The most stringent
constraint on the time of observation is the time
available before a wall hit. By careful adjustment of
equilibrium trimming fields this time could be extended
to about 20 us.

To investigate the dynamics of m = 1 motion, a
disturbance was launched in the central region of the
sector by locally accelerating the column in the vertical
direction (perpendicular to the plane of the torus).
The vertical direction was chosen to eliminate the
additional complication due to imperfect horizontal
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