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Scaling of the Beam-Plasma Discharge 
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It is shown that the scaling observed in a recent experiment of the beam-plasma discharge is consistent 
with the assumption that triggering occurs when an instability threshold condition is exceeded for electron 
plasma waves with •0 = •0e, the electron plasma frequency. 

1. INTRODUCTION 

The importance of the beam-plasma discharge (BPD) in the 
feasibility and interpretation of active experiments using elec- 
tron beams injected in space is very well known [Galeev et al., 
1976; Bernstein et al., 1978, 1979]. This type of discharge can 
be described qualitatively as follows. When an electron beam 
propagates through a neutral gas, it collisionally produces a 
plasma with a density comparable to its own. As the beam in- 
teracts with the plasma, a two-stream instability sets in, and 
the electric fields of the excited waves either heat or accelerate 

some of the plasma electrons to energies comparable with the 
ionization energy. Subsequently, the collisions of these elec- 
trons with the neutral gas atoms lead to an onset of an ava- 
lanche breakdown; the neutral gas is ionized over a time com- 
parable to the mean free time of plasma electrons between 
inelastic collisions. 

Although several experiments have been carried out on the 
BPD [Getty and Smullin, 1963; Alexeff et al., 1966; Kharchenko 
et al., 1962; Smullin, 1968; Cabral et al., 1969], a theoretical 
understanding has not yet emerged. The more recent results 
of Bernstein et al. [1978, 1979] under steady state conditions 
and long interaction lengths provide us with sufficient details 
to test against a theoretical model. It is the purpose of this pa- 
per to examine whether the scaling of the critical beam cur- 
rent required for ignition Io as well as the narrow band emis- 
sions observed for I < Io can be understood on the basis of a 
model of the two-stream instability with finite boundaries. 
The plan of the paper is as follows. In the next section we re- 
view the pertinent experimental results. Section 3 deals with 
the theory of the two-stream interaction in a finite geometry. 
Section 4 presents a model of the BPD scaling, and section 5 
discusses the emissions observed for I < Ic. 

2. REVIEW OF THE EXPERIMENTAL 

OBSERVATIONS 

The experiments were performed in the large vacuum facil- 
ity at Plum Brook, Ohio, and at the Johnson Space Center. 
The electron gun produced a cold, moderately high perveance 
(k = 10 -6 AV -3/2) energetic beam. The ambient magnetic field 
varied between 0.8 and 1.5 G, and the neutral density varied 
from 3 x 10 •ø to 10 •2 cm -3. The detailed experimental results 
can be found in Bernstein et al. [1978, 1979]. However, the 
main features were the following: ' 

1. The BPD appeared at a critical current Ic, which scaled 
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as 

V3/2 

Ic oc BO.7pL (1) 

where V is the voltage, B is the magnetic field, P is the pres- 
sure, and L is the length of the experiment. During BPD the 
plasma density increased and was accompanied by high-fre- 
quency emissions with frequency f >> f ce (where fce is the elec- 
tron cyclotron frequency). 

2. For I < Io radiation was observed with f • nfce. At low 
pressures and currents the level of emissions was seen to de- 
pend exponentially on I. As I was increased, this dependence 
was greatly reduced. On the other hand, if I became greater 
than Io the BPD would take place. However, fee radiation was 
not a necessary precursor for the BPD. At higher pressure lev- 
els, fce emissions were not observed prior to BPD. 

3. THEORETICAL CONSIDERATIONS 

Consider the interaction of a nonrelativistic cold electron 

beam, with velocity vt,, density no, and radius ro, with a plasma 
of density n and radius ro in the presence of a magnetic field 
Bo. The dispersion relation is given by [Apel, 1969; Simpson 
and Dunn, 1966; Bogdankevich and Rukhadze, 1971] 

k:2{ 1- {02j +k-• 2 OO e2 I -- k z2 øt {0 
{.02 • he2'l ({,o--kzVb) 2 

k a. 2 ol {0 e 2 
({0 - kz Vb) 2 -- •e 2 

(2) 

where •0e 2 --" 4Vrne2/m, a = nb/n, •e --- eB/mc, ki 2 -- /,•s•/ro 2, 
and/•s• are the roots of the Bessel function J• ½,•) -- 0. Neglect- 
ing the beam contribution in the first approximation (a --• 0), 
we determine the spectrum of oscillations of a bounded 
plasma as 

{01, 2 (kz) "- 7({0e 2 -[- •'•e 2) -I- •({0e '[- •'•e2) 2 -- {0e2•'•e 2 COS2 0 
(3) 

where 

COS0m kz 2+ka. 21 
As seen from (2) the contribution of the beam is maximal 

near the straight lines {0 = k• Vt, and {0 -- k• Vt, +-- •'e, where the 
strong interaction occurs. 

The instability at the intersections of the lines {0 = k• Vt, with 
the branches of the eigenoscillations {0•.2(k0 is usually called 
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Fig. 1. Four kz roots of the dispersion equation (8) for real fre- 
quency w near We. Other parameters are a = 0.01, We/•e = 6 and We/ 
k_• Vb = 1.38. 

the two-stream or Cerenkov instability; the instability at the 
intersections of to = kz Vb + •, and tol.2(k•) is called the cy- 
clotron instability. We focus here on the Cerenkov in- 
stabilities, since the cyclotron instabilities are substantially 
weaker and more susceptible to thermal effects due to their 
shorter wavelength [Linson and Papadopoulos, 1980]. 

In examining the Cerenkov instabilities, we note that the 
lower branch is unstable if 

min (to,, •,) > _> 2.4 • (4) 
ro ro 

This instability is always convective. The upper branch, in the 
absence of dissipation, has no threshold. However, for abso- 
lute or almost absolute instability, one can compute a length 
dependent threshold condition. This can be seen by maximiz- 
ing the inverse of the growth length Im d•. We derive below 
the conditions under which this occurs. Equation (2) for Ce- 
renkov excitation can be written as 

to }2 toe 2 (k• 2-K •) kz- • =a Vb 2 [1-- (5) 

where 

and 

kzl,2 = K (6) 

/• _= _kz2 {1 - [to,2/(to2 _ •,2)]} [1 - (to,2/to2)] (7) 
Notice that the roots k•,.2 of (6) correspond to the roots'to, a of 
(2). Examining (8) under the double synchronism condition k• 
•' to/V b, to = to!,2, we find 

tom'2 13 • toe2 kz!'2 (8a) k=- V• J = • V•2 [1- (•,2/•1.22)1 
or 

- )] 

(Sb) 

It is obvious from (8) that the Im k• for real tol.2, due to the 
strong dependence of the denominator on the tol,2 = toe reso- 
nance, becomes maximum when the frequency tol or to2 ap- 
proaches toe. Furthermore, in examining (3) we notice that to 
approaches toe only when cos 2 0 approaches unity, or equiva- 
lently when 

k_L 2 
kz • << 1 (9) 

Thus, with kz = to,/• and k_• = 2.4/ro, (9) yields the following 
condition: 

2.4Vb 
to,> (10) 

ro 

To illustrate the existence of large amplification we solved 
numerically (5), for the specific case where a = 0.01, toe/fte ---- 6 
and toe/k_• Vo = 1.38. It is seen from Figure 1 that large ampli- 
fication is achieved for tol '•> toe, which corresponds to the con- 
dition given by (10). 

In summarizing the results of our linear analysis, we find 
that (1) waves with frequency toe can be excited if the condi- 
tion given by (10) is satisfied, independently of the toe/fte ratio, 
and (2) if in addition to (10), toe >fte, then the toe instability 
gives very large amplification. A nonlinear analysis of the en- 
ergy dissipation and the ionization avalanche will be pre- 
sented elsewhere. In this preliminary report, we attempt to test 
the hypothesis that the threshold scaling is consistent with the 
excitation of an almost absolute instability with frequency 
near toe, i.e., (10). The reasoning for the hypothesis is that [Pa- 
padopoulos, 1981; Papadopoulos and Rowland, 1977; Linson and 
Papadopoulos, 1980] in the case that the unstable waves are 
near toe and the wave energy density W/nT -- E•/8•rnT > 
k2Xo 2, the energy deposition is completely nonlinear (i.e., soli- 
ton collapse), and results in the formation of very energetic 
(i.e., 100 eV like) suprathermal tails. These tails act as the 
source of the avalanche ionization and in addition provide ax- 
ial confinement by building several tens of volts potential 
sheaths. A more detailed description of this process will be 
published elsewhere [Papadopoulos, 1981]. 

4. BPD SCALING 

The purpose of this section is to test qualitatively the impli- 
cations of the assumption that the BPD is consistent with the 
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Fig. 2. Experimentally observed frequencies as a function of I for 
I < I½. The solid line is f = w•?2w -- (•e 2 4- We 2 COS 2 0)•/272W. We is 
determined from the collisional ionization model (equation (12)). 

linear (D e instability trigger condition given by (10). The time 
evolution of the electron density ne prior to BPD will be given 
by 

0rte 0rte 
Ot - AnbN{oVt,)L - • (11) 

where N is the density of neutral particles, (oVt,) the ioniza- 
tion rate of the beam electrons, is a length normalization fac- 
tor for ionization with mean free path longer than L and ß the 
particle confinement time. The maximum density rt e expected 
from (11) is 

ne --- AN( oVt,> L* (12) 

Combining (10) and (12), we find that 

Ic--C••C• 
(oVt,)L• PL• 

where C is a proportionality constant. The observed scaling as 
shown in (1) is reproduced by considering that ß •- B, i.e., a 
Bohm like diffusion. This type of loss is consistent with our toe 
model, since it produces axial plugging. We should note that 
there is experimental evidence for I/B dependence of the dif- 
fusion coefficient [Szuszczewicz, 1979] and an independent 
check of the We/•'• e ratio resulting from (10) tests very well 
against the experimental values [Szuszczewicz et al., 1981]. 

5. WAVE OBSERVATIONS 

In this section we examine the wave emissions created for 

currents lower than Ic. In this case also the modes excited are 
in the upper branch. In a simplified form, 

•0 2 • •'•e 2 'l- •Oe 2 

since 0 • rr/2. 
In Figure 2 are plotted the experimentally measured fre- 

quencies for Et, = 0.6 keV as a function of current. The line is 
the frequency of the upper branch with we determined from 
(10), with 0 -- 88 ø, and results from assuming the smallest ki 
that satisfied the radial boundary conditions and that k• ---- 
•'•e/ Vb. 

We can easily understand the disappearance of the •'•e radi- 
ation when the distance for the first node of the beam became 

longer than the length of the cylinder. The first node occurs at 

the cylinder, kr < kz,min and the instability disappears. This ef- 
fect was seen by Maxum and Trivelpiece [1965]. 

Given the initial injection spread, this instability may be ki- 
netic at the start as discussed in section 3. In that case, con- 
vective effects could determine the saturation level of the in- 

stability. The maximum wave energy would be 

Wma x •--= W 0 exp ('yL/vg) 

If the amount of energy lost by the beam is small, A Vt,/Vt, will 
be determined by the initial injection spread. Using the model 
presented earlier, this field energy dependence upon current 
and beam energy is of the form 

In (Wmax/go) •" I3/2/Et,2'9 

When (AEt,/Et,) > 2(A Vt,/Vt,)o, the energy loss of the beam 
will determine the velocity spread and hence the growth rate. 
In this case, Wm•x -- I3/n/Et,•/2. Therefore, as the current is in- 
creased one would first see an exponential increase in the ra- 
diation. However, at higher radiation and currents levels one 
should see a weaker current dependence. Of course if I > Io 
the BPD will take place. 

In Figure 3 is plotted the observed beam distribution func- 
tion where I < Ic and fte radiation is observed. The initial av- 
erage beam velocity, Vt,o, is marked. The predominant modifi- 
cation of the beam distribution function is for electrons with v 

-< Voo. The slope of the distribution (Of/Ov) is also flatter for v 
-< Vt,o. These effects are characteristic of a kinetic not cold 
plasma instability. 

6. SUMMARY AND CONCLUSIONS 

In the present paper we have demonstrated that the scaling 
observed in BPD is consistent with the assumption that trig- 
gering occurs when an instability near We is excited. The 
threshold condition is then determined by the injected beam. 
In the subthreshold range the excitation and nonlinear ampli- 
tude of the fce waves is consistent with excitation of the kinetic 
instability of the upper branch (Figure 2) and convective satu- 
ration. A more detailed investigation of the nonlinear dynam- 
ics, including electron heating and ionization, is presently un- 
der way and will be presented elsewhere. 
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Fig. 3. Experimentally observed beam velocity distribution for I 
< Ic. I/t,o is the average initial beam velocity. The modification of the 
beam velocity distribution is consistent with a kinetic interaction of 

i•L •-- Vb/•'• e. When AL becomes greater than L, the length of the beam with the upper hybrid mode (•o•) for I < I•. 
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