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The word “particle” in the phrase “wave-particle duality” suggests that this 
wave is somewhat localized. 

How do we describe this mathematically? 

…or this 

…or this 



How do we describe this mathematically? 

Particle 

Wave 



“Beats” occur when you 
add two waves of slightly 

different frequency.  They 
will interfere 

constructively in some 
areas and destructively in 

others. 

Interefering waves, generally… 

Can be interpreted as a sinusoidal envelope: 
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Modulating a high frequency wave within the envelope: 
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ΔωΔt /2 ≈ π
2πΔfΔt ≈ 2π
ΔfΔt ≈1



Fig. 5‐18, p. 165
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At constant  value of x 
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Fig. 5‐19, p. 166

Look in space at any instant of time 





Fig. 5‐23, p. 172
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Take many close frequencies instead of two close frequencies 
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Bandwidth  Ψ(t)f 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Δt = 4π /Δω = 2 /Δf



Suppose a single nonrepeating wave packet of 
duration Δt is created by the superposition of many 
waves that span a range of frequencies Δf.  
Fourier analysis shows that for any wave packet 



Fig. 5‐23, p. 172



Fig. 5‐24, p. 173
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ΔkΔx = 4π
2
Δp = Δk
ΔpΔx = 2h
For Gaussian (i.e. Normal) 
amplitude distribution minimum
ΔpΔx ≥ h /2 Heisenberg UP  
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λ = 2π /k
λ = h / p
h / p = 2π /k
p = k
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Δx = 4π /Δk
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ΔpΔx ≥ h /2



Group velocity 
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vg =
∂ω
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Fig. 5‐17, p. 164
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ΔfΔt >1



Which of these particles, A or B, 
can you locate more precisely? 

A.  A 
B.  B 
C.  Both can be located with same precision. 



A.  A 
B.  B 
C.  Both can be located with same precision. 

Which of these particles, A or B, 
can you locate more precisely? 



€ 

Δx = vΔt = (p /m)Δt
Δt = (m / p)Δx

f = v /λ =
p /m
h / p

=
p2

hm
Δf = 2pΔp /hm

ΔfΔt = (2pΔp /hm)(mΔx / p) =
2
h
ΔxΔo

ΔfΔt >1

ΔxΔp ≥ h /2

UP Our knowledge about particle properties in inherently uncertain 



Fig. 5‐30, p. 182

Electron localized in the hole and indivisible. 
Clearly goes through slit #1 or slit #2 



Sum
 of those going 

through slit#1 and slit #2 

Assumption that electron 
goes through either slit#1 
or slit#2 must be wrong. 
Electron must be going 
through both slits at the 
same time !!! to exhibit 

interference  



Watching Electrons 

Need to measure the position of the 
electron with accuracy Δy<D 

To avoid destroying the interference pattern  

Since the same Δpy applies to the detecting photon we 
need  

ΔpyΔy<h/2 












